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Abstract 



Let {Xi} be a sequence of independent identically distributed random variables 
with an intermediate regularly varying (IR) right tail F. Let (A'', Ci, C2, • • • ) 
be a nonnegative random vector independent of the {Xi} with A G N U 
{00}. We study the weighted random sum ^jv = J2iLiC-'i^ii a^nd its 
maximum, Afjv = supi<j.^jY_,_i ^*Lj CiXi. This type of sums appear in the 
analysis of stochastic recursions, including weighted branching processes and 
autoregressive processes. In particular, we derive conditions under which 



P{Mn >x)r^ P{Sn >x)r^E 



Fix/a: 



as X — > CO. When E[Xi] > and the distribution of Zn = J2i=i '^^ is also IR, 
we obtain the asymptotics 



P{Mn > a;) ~ P(Sn > x) E 



N 



Y.F{x/a) 



+ P{Zn > x/E[Xi]). 



For completeness, when the distribution of Zn is IR and heavier than F, we 
also obtain conditions under which the asymptotic relations 

P(Miv > ~ P{Sn > x) ~ P{Zn > x/E[Xi]) 

hold. 
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1. Introduction 

The analysis of randomly weighted sums plays an important role in the insurance and economic literature. 
A well known example in ruin theory interprets the weights as discount factors and the sequence {Xi} as 
the net losses of an insurance company to analyze the probability of ruin either in finite or infinite time (see, 
e.g., [E]). In economics, the {Xi} can be interpreted as net incomes of an investment and the weights as 
random return rates (see, e.g., [H]). In general, randomly weighted sums appear in the analysis of random 
stochastic equations (e.g., autoregressive processes), and have applications in many areas beyond the ones 
mentioned above. If we further assume that the number of terms in the sum can be random, we obtain 
a randomly stopped and randomly weighted sum. Such weighted random sums appear in the context of 
weighted branching processes and fixed-point equations of smoothing transforms (see [TnillHII]), and more 
recently, in the analysis of information ranking algorithms, e.g., Google's PageRank (see [5D1[T3]). In all 
the examples mentioned above, the {Xi} are often assumed to be heavy-tailed. Hence, the results in this 
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paper combine two different topics in the literature for sums of heavy-tailed random variables, the analysis 
of randomly weighted sums and the analysis of randomly stopped sums. 

Consider a sequence {Xi}i>i of independent, identically distributed (i.i.d.) random variables with finite 
mean and a heavy right tail distribution F, where by heavy we mean E[e'^^i] = oo for all e > 0, and — 
maxjx, 0}. Let (TV, Ci, C2, . . . ) be a nonnegative random vector independent of the {Xi} with N G NU{oo}. 
We study the asymptotic behavior of the randomly weighted and randomly stopped sum ^iXi, and 

of its maximum, sup]^<j,^jY+i T^\=i CiXi] the weights {Ci} are allowed to be arbitrarily dependent and may 
depend on N as well, and the convention throughout the paper is that A^-|-l = ooifA^ = oo. We point out 
that it is possible to avoid the introduction of N by redefining the weights Ci — Ci l{i < N) and considering 
the sum X^i^i CiXi, but to emphasize the possibility of having a random number of summands we choose 
to keep the results in this paper in terms of N. Throughout the paper we use /(x) ~ g{x) as a; — > cx) to 
denote lim2,_>oo f{x)/g{x) = 1, and f{x) x g{x) as a; — cx) to denote f{x) = 0{g{x)) and g{x) = 0{f{xj). 

Although the literature of both weighted random sums and randomly stopped sums is extensive, this is 
the first paper, to our knowledge, to combine the two, and in doing so, to obtain the N = 00 case under 
conditions that are close to the best possible. The main results also include an analysis of the cases where 
the asymptotic behavior of the weighted random sum does not follow the so-called one-big-jump principle 
{P(^^^i Xi > x) ^ nF{x) as X ~> 00), and instead is dominated by the sum of the weights, which until now 
had only been done for the special case Ci = 1 (see [Ml |9] ) . 

To gain some insight into the asymptotics 



p( sup V C^X^ >x] ^pIv] C^X, > 



E 



N 



Y.F{x/C.) 



.i=l 



(1) 



note that if the {Xi} are i.i.d. and heavy-tailed, and the weights {Ci} satisfy suitable conditions, then the 
random variables {CjXj}i>i behave as if they were independent, and the one-big-jump principle gives ([T|). 
The asymptotic relation 



P 



Y.c,x, 



> X 



E 



F(x), 



X — 00, 



was established in [18] for nonnegative and regularly varying {Xi} (denoted {Xi} in 7?._q, a > 0), and ([T]) 
was proven in for real- valued {Xi} with regularly varying right tail and deterministic A^, either N = n 
(finite) or N = 00. The setting where the {Xi} are real- valued with right tail in the extended regular 
variation class was studied in [21 {N — n) and [22] (both N — n and N = 00); in the latter the {Xi} 
are allowed to be generally dependent with no bivariate upper tail dependence. Deterministic, real-valued 
weights with the {Xi} in 72._q were considered in [16| . We point out that in all the mentioned works where 
N — 00, the conditions imposed on the weights are considerably stronger than those imposed for a finite 
number of terms. The first result in this paper establishes (HJ for i.i.d., real- valued {Xi} with finite mean, 
right tail in the intermediate regular variation class, and N potentially random; the conditions on the weights 
are basically the same regardless of whether N is deterministic, random, or infinity. Results for more general 
classes of heavy-tailed distributions but stronger conditions on the weights and N — n are given in (for 
bounded weights) and [5] (for d — Ylj=i ^ ^^'^ {^j} — i-i-^- from a specific class of distributions). The 
finite mean restriction is due to our interest in analyzing the asymptotic behavior of the randomly weighted 
and randomly stopped sum when it is not solely determined by the one-big-jump principle. 

As mentioned earlier, the scope of this paper is to combine the analysis of randomly weighted sums with 
that of randomly stopped sums. For instance, if we set C; = 1 for all i > 1, then the subexponential 
asymptotics P (X]"=i Xi > x) nP{Xi > x) is known to hold, under suitable conditions on A^, even for a 
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random number of summands. The asymptotic relation 

E[N]F{x), x^oo, (2) 




has a long history (see, e.g., [2], [lO] and the references therein), although the analysis when N does not 
have finite exponential moments is more recent. Relation ([2]) was established in 8 for several different sets 
of conditions on N and the {^i}, including some where N may be subexponential. Some results imposing 
no conditions on N and the {Xi} in either the regularly varying or semi-exponential classes were derived in 
[5]. The most general conditions were recently derived in ^ for {Xi} in the class S* , which includes most 
subexponential distributions with finite mean. Moreover, the results in [9] also include the case where the 
asymptotic behavior of the randomly stopped sum is not solely determined by the one-big-jump principle, 
and, in particular, it was shown that 



N 



pi sup ^ X, > X - P ^ X, > a; - E[N]F{x) + P{N > x/E[Xi]), 



oo, 



l<k<N+l 



provided that the {Xi} belong to S* , E[Xi] > 0, and N belongs to the intermediate regular variation class. 
The term P{N > x/E[Xi]) corresponds to the situation where the asymptotic behavior of the random sum 
is determined by the law of large numbers. This last asymptotic relation was previously proven in |14j for 
the case where both N and Xi are nonnegative and belong to TZ-a with a > 1, P{N > x) ^ cP{Xi > x) for 
some constant c > 0, and E[Xi] < oo. All the results in [9] are readily applicable to our randomly weighted 
sums setting provided that the {Ci} are i.i.d., independent of N, and that the sequence {CiXi} belongs 
to S* . The second result in this paper extends the analysis to allow the vector {N, Ci , C2 , . . . ) to have an 
arbitrary distribution, but restricts the {Xi} to belong to the intermediate regular variation class. In this 

context, the term P{N > x/E[Xi]) is replaced by P (E^i C** > x/E[Xi]J . 

For completeness, the third and last result in this paper considers the case where the behavior of the randomly 
stopped and randomly weighted sum is completely determined by the effects of the sum X]t=i ^"1, which when 
the weights {Ci} are i.i.d. and independent of N, corresponds to the dominance of the law of large numbers. 
The intuition remains the same in the presence of weights, as it corresponds to the situation where all the 
{Xi} behave in an ordinary way, i.e., according to their mean, and it is the sum of the weights that is 
unusually large. Related results to those of Theorem [22] can be found in [14] for a regularly varying number 
of summands, N, d = 1, and nonnegative {Xi} with lighter tails than N. 

We end this section with two potential applications. The first one concerns information ranking algorithms, 
such as Google's PageRank algorithm for ranking webpages in the World Wide Web (WWW). If we let R 
denote the (scale free) rank of a randomly chosen webpage, N denote the number of webpages pointing to it 
(in-degree), and set Ci = c/ Di, where Di is the number of outbound links (out-degree) of the ith neighboring 
page and < c < 1 is a predetermined constant, then it can be shown that R (approximately) satisfies the 
stochastic fixed-point equation 

N 

i?^^ai?.-t-(l-c), (3) 

1=1 

where the {Ri} are i.i.d. copies of R, independent of {N, Ci, C2, . . . ), and — denotes equality in distribution. 
In the WWW, as in many other social networks, both the in-degree N and the effective out-degree Di are 
assumed to be regularly varying. The problem of interest is to determine the proportion of highly ranked 
pages, which translates into the analysis of the asymptotic behavior of P{R > x). The stochastic model 
leading to ([3]), for the case of i.i.d. weights {Ci} independent of N, was introduced in [20 , and has been 
studied in detail in [T3] . The more realistic case where the vector {N, Ci , C2 , . . . ) is generally correlated 
serves as a motivating example for the results presented here. 
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The second application concerns ruin probabilities. A well known example in ruin theory where randomly 
weighted sums appear is in the analysis of discrete time risk models (see, e.g., [ini HI]). Let {Dj} be a 
sequence of i.i.d. nonnegative random variables representing discount factors per period, and let {Xi} be 
another sequence of i.i.d. real- valued random variables, independent of the {Dj}, used to denote the per 
period net losses of an insurance company; in many settings the {Xi} are assumed to have a heavy right tail. 
Set the weight Ci — Ylj=i compound discount factor for period i. If the insurance company 

starts with an initial capital x, then its discounted surplus after n periods is given by 

n 

Wn = x-Y^ CiX,, n > 1, Wo = X. 
1=1 

The quantities of interest are the probabilities of ruin in finite and infinite time, given respectively by 
P max > CiXi > X and P sup > CiXi > a; | . 

The rest of the paper is organized as follows. Upper bounds for the maximum of the randomly weighted 
sum are derived in Section [31 and lower bounds for the randomly stopped and randomly weighted sum are 
derived in Section Finally, the proofs of the main results are given in Section [5l 

2. Main Results 

We start by giving some definitions needed for the statement of the main theorems. 

Definition 2.1. Let X be a random variable with right tail distribution F{x) — P{X > x). We say that F 
belongs to the intermediate regular variation (IR) class if 

Fi{^-S)x) 
lim lim sup = — 1 . 

SiO x^oo Fix) 

We refer the reader to Chapter 2 in [3] for the definitions of regular variation (TZ^a), extended regular 
variation (ER), and 0-regular variation (OR), that arc mentioned throughout the paper. It is well known 
that TZ-a C ERcIRc OR. 



Definition 2.2. Let F{x) = P{X > x), f{x) = - \ogF{x), and define 

MX) - liminf(/(Aa;) - f{x)) and f*{X) = limsup(/(Ax) - f{x)), 

at = hm — and Pf = hm — . 

A-j-oo log A A-j-oo log A 

The constant aj is inown as the lower Matuszewska index of f, and /3/ is known as the upper Matuszewska 
index of /, and they satisfy 0<Q!/</3/<oo. 

Remark: For the OR family. Theorem 3.4.3 in [3] gives 0<q;/</3/<oo. Furthermore, the constants 
(— c, — c?) in the definition of the ER class satisfy c < a/ < /3f < d (see pg. 68 in |3,). 

We are now ready to state the three main theorems of this paper. The first one corresponds to the setting 
where the one-big-jump principe dominates the behavior of the weighted random sum and its maximum. 
Since the weights {Ci} are nonnegative, we use the convention that F{t/Ci) — for any t > if Ci = 0. 
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Theorem 2.3. Suppose {Xi} is a sequence of i.i.d. random variables with right tail distribution F e IR, 
Matuszewska indices < af < f3f < oo, and E \\Xl\^^^^^ < oo for some < e < a/. Let {N, Ci, C2, ■ • ■ ) be a 



nonnegative random vector independent of the {Xi} with N {00} and satisfying E 'Yl!i=i 



< 00 



id E 



N 



< 00. 



// E[N] < 00 then the condition E 
Zn = X^iLi Ci < GO a.s. If any of the following holds, 

a) E[Xi] < 0, or, 

b) E[Xi] = and P{Zn > x) ^ O (F{x)) as x^ 00, or, 

c) E[Xi] > and P{Zn > x) = o (F{x)) as x 00, 
then, as X ^ 00, 



'l2iLi < 00 can be dropped. Let 



P sup 

V l<fc<A'+l 



^ ^ CiXi 



N 



> X 



p J2 > 



E 



N 



Y,F{x/a) 



(4) 



Remark: It is known that when TV = n it is enough to have E 



E^i C^''^' < 00 for O to hold (see 



2T | 122 ) ). Note that for a finite number of terms this moment condition on the weights implies that 



{e 



l/(/3/+e) 



2 = 1 



{E[cr^]) 



< 00, 



which in turn implies that P(Z„ > a;) = o (since x^f^'^F{x) — )■ 00). However, for N — 00 and 

f3f > 1, the existing literature (e.g., [HI HH 112] ) , which assumes F e ER{—c,—d), requires the conditions 
E^i {E < 00 and {E [CTD'^^''^'^ < 00, which again imply that E \z^J^'] < 00. In 

view of Theorem 12. 3i the existing conditions are clearly too strong, and a simple example where ([4]) holds 

but {E [Cf"*"']) = 00 is given below. Moreover, that the conditions of Theorem 12.31 are close to 

being the best possible will follow from Theorem 12.51 

Example 2.4. Suppose that as x 00, F{x) x x^" for some a > 1, P{N > a;) x F{x), and E[Xi\ = 0. 
Furthermore, assume that the {Ci} are i.i.d., independent of N, with i?[C"^'^] < 00. Now write Ci = 
Ci l(i < A*") so that J2i=i CiXi = J2iZi CiXi, and note that for some constant K > 0, 

, ,,,^1/fQ+el-sr^ -sr^ K 



i=l i=l 



jQ/(q+is) 



Remarks: (i) The conditions of Theorem l2. Bl are very similar to those of Theorem 1 in [9J once we replace the 
random time r by the random sum of the weights = X]j=i Ci. (ii) The stronger condition < 00, 

instead of only < 00, might be avoidable with a different proof technique. 

The next result corresponds to the case where the behavior of the weighted random sum and its maximum 
might be influenced by both the one-big-jump principle and the distribution of the sum of the weights. This 
case also illustrates that when ^[Xi] > 0, the conditions from Theorem 12.31 are the best possible. 



Theorem 2.5. Suppose {Xi} is a sequence of i.i.d. random variables with right tail distribution F € IR, 
Matuszewska indices < af < f3f < 00, E[Xi] > 0, and E \\Xi\^^'^'\ < 00 for some < e < a/. Let 
(N, Ci, C2, . . . ) be a nonnegative random vector independent of the {Xi} with iV e N U {00} and satisfying 



E 



< 00 and E 



EiliC'i < oo- If E[N] < 00 then the condition E Ei=i C'f^' 



< 00 
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can be dropped. Let Zjy ~ X^iLi < oo a.s. and suppose further that its tail distribution G G IR. Then, 
as X ^ oo, 



N 



P[ sup ^Ca^>x \ ^P[J2C^X,>x \ 



, l<fc<JV+l . 



=1 



N 



J2F{x/a[ 



i=l 



N 



Remark: If {Xi} is a sequence of i.i.d. random variables from TZ-a with a > 1, then E X^iLi F{x/Ci 



can be replaced with E 



SiLi in Theorems 12.31 and 12.51 In this setting, Theorems 12.31 and 12.51 are 



generalizations of Breiman's Theorem to more than one summand and dependent weights. 

The third, and the last, result corresponds to the case where the behavior of the weighted random sum is 
dominated solely by the sum of the weights. Note that it is not necessary for the {Xi} to have any particular 
structure beyond certain moments and the condition P{Xi > x) = o{P{Zn > x)) as a; — > oo. 



Theorem 2.6. Let (A^, Ci, C2, . . . ) be a nonnegative random vector with G N U {00}. Define Zn = 



^f^i Ci < 00 a.s. and assume that it has a right tail distribution G G IR with Matuszewska indices 
< ag < < 00. Suppose {Xi} is a sequence of i.i.d. random variables, independent of (N, Ci, C2, ■ . ■ ), 

with E[Xi] > 0, and E < 00 for some < e < ag. Suppose further that E X]i=i ' 



E 



< 00, and P{Xi > x) = a {P{Z]^ > x)). IfE[N] < 00 then the condition E J2i=i 



00 can be dropped. Then, as x 



< 00, 
< 



P 

sup y C^Xi > X 

\l<k<N+lfrt ) 



N 



P [J2C^X, > 




C, > x/E[Xi] 



3. The upper bound 

Before proceeding with the derivation of the auxiliary results that will be needed for the proofs of the main 
theorems, we state here the notation that will be used in the remainder of the paper, as well as the main 
assumption satisfied by the random variables {Xi} and the vector (TV, Ci, C2, . . . ). 

Assumption 1. Let {Xi} be a sequence of i.i.d. real-valued random variables with common tail distribution 
F{x) — P{Xi > x) and finite mean fi — E\X-^, and let (TV, Ci, C2, . . . ) represent a nonnegative random 
vector, independent of the {Xi}, with G N U {co}. The vector (N , Ci, C2, . . . ) is assumed to be generally 
dependent and the weights {Ci} are not necessarily identically distributed. 



We will also use 1 1 • | |p — {E[\ ■ \P]y/P to denote the Lp —norm, the operator f^A to denote the cardinality of a 
set A, and the symbols xM y — max{a;, y}, x Ay = min{a;, y}. The letter K will be used to denote a generic 
positive constant, which is not always the same in different parts of the paper, i.e. K = K + 1, K = 2K, 
etc. 
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The following random variables will be used throughout the paper: 

k 

5fc = ^C,X„ fceNu{oo}, 



Mjv = sup Sk, 

l<k<N+l 
N 

Zn — ^ Ci, 

/wW = #{l<«<A^ + l:a>t}, 
JNit) = #{1 < z < iV + 1 : C^X, > t}, 
LM(t) = #{1 < I < + 1 : C^X, < ~t}. 

Note that when N is finite a.s. the supremum in the definition of Mjv can be replaced by a maximum and all 
the ranges 1 < i < + 1 can be replaced by 1 < i < A^. Recall that since the weights {Ci} are nonnegative, 
the convention is that F{t/Ci) = and F{~t/Ci) = for any i > if = 0. 

The first result in this section provides a bound for the partial maximum of sums of independent random 
variables with finite exponential moments. 

Lemma 3.1. Let {Vi\i>i be a sequence of independent random variables. Then, for all 9 > 0, 

/ k \ m 



P max^ J2^^>t\< e-"* J] max {l, £; [e^^'] } 



Proof. The inequality trivially holds in case E [e^^'] = oo for some i. Thus, we assume that E [e^^'] < oo 
for all i = 1, . . . , TO. Let 

1=1 

Then Lk is a nonnegative martingale satisfying E[Lk] = 1. Define r = inf{fc > 1 : X)i=i > ''I- Then, by 
Proposition 3.1 and Theorem 3.2 in Chapter XIII of |2] there exists a probability measure P such that 

P ( max V > t I = P(t < to) 

\l<fc<m'^ / 

= E [L-^ 1 (r < to)] 

m 

< E [e-^'^-i ^' 1 (t < to)] n max {1, E [e"^'] } 

m 

<e~'*l[max{l,E[e'''']}. 

i=l 

The following result gives exponential bounds for sums of independent truncated random variables, and it 
follows the same classical heavy-tailed techniques from [T?^ and W (see also [5]). Note that all of the results 
in this and the next section are given for random variables satisfying only moment conditions, that is, neither 
the {Xi} nor the vector {N, Ci, C2, . • . ) are assumed to belong to any particular class of distributions. 

Lemma 3.2. Suppose the {Xi} and the vector (N, Ci, C2, . . . ) satisfy Assumption]^ with 7^ = ||Xi||^ < 00 
for some 77 > 1. Then, for any < u < v such that 



V 



-^log - < 
V \u/ u 
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any z > 0, and any A QM., we have 



P\ sup y C,X, 1{C,X, <v)>z,ZNe A, iNiuhr,) = < ^ 

\l</c<W+l fi' / 



1 (Zjv e A) e" 



where K = K{7]) > 1 is a constant that does not depend on the distributions of Xi, A^, Ci, C2, . . . • 

• + yfel(yfe < v). By conditioning on 



Proof. Let X ^ X^, Y, ^ dX, and S'^"^ = Yi l(Yi < w) 
{N, Ci , C2 , . . . ) we obtain 



P I max S'^''^ > z, e A, lN{u/-f„) = 

\ l<fc<JVAn 



E 



l(Zjv e ^, /Ar(u/7„) =0)P max 5"^ > ^ 



TV A n, Ci, . . . , Catak 



Note that conditional on (A^ A n,Ci, . . . ,CNAn), S^^^ is a sum of independent random variables, so by 
Lemma 13.11 



P ( max Si!'^ > z 

l<k<N/\n 



NAr, 



N An,Ci,...,CNAn] < e-^' J| max{l,S 
^ i=i 

NAn 

= e"^^ Y[ max|l,£: 



JYi l{Y,<v) 



JY, l{Y,<v) 



N,Ci, . . . , Cnat 

}■ 



C, 



We now bound the individual expectations using integration by parts as follows, 



E 



JY.l{Y,<v) 



= E [e^^- 1{Y, <v)\a]+E[l{Y,>v)\ C,] 
= [ e'^PiY, e dt\a) + P{Y, > v\a) 

■/ — 00 

= P{Y^ < l/e\a) + / etP{Y, e dt\a) + eP{Y, > l/e\a) - e'^P{Y, > v\a) 

(e"* - 1 _ et)p{Y, e dt\c,) + e / e«*p(y, > t\c,)dt 
< 1 + eE[Y,\c,] + eP{Y, > i/e\a) + / ie"' - 1 - et)P{Y, e dt\C,) 

J — 00 

+ f e'^'PiY, > t\Ci)dt. 



If T] >2 then the inequality e* — 1 — t < i^e* for t G K gives 



/I/ a pGO 
(gS* - 1 - et)P{Yi e dt\C,) < e9^ / t^P{Y, e dt\Ci) = ee^E[Y^^\C,]. 
-00 J —00 

If 1 < 7^ < 2, then integration by parts, a change of variables, Markov's inequality, and the same inequality 
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used above give 

(e®* - 1 - 0t)P{Y, e dt\C,) ^9 (1 - e-^")P(y, < -u\Ci)du + / [e"' ~ 1 - et)P{Y, e dt\Ci) 

poo /"l/^ 

<e (1 - e-^")£;[|yi|''|G]u-''du + e^^ / t^P{Yi G dt|C,) 
Jo Jo 

/ /•!/« 1 „ p~eu /-oo \ 

< i;[|y,|''|c,] ( 6i2y — — — u^-'Uu + e j 



+ 66*" / i''P(y, e di|Ci) 









1 1 



2 ~ rj 7/ — 1 

where in the third inequahty we used the observation that 1 — e^* < t for aU < > 0. We then have that 

/ (e''*-l-0t)P(r, edt|C,)<ifi0"^'C,''^^B[|Xr'''], (5) 

J — oo 

where Ki — Ki{rj) = e + ((2 — rj)~^ + {v ^ ^)~^) 1(1 < ^7 < 2). Also, for ?/ > we use Markov's inequahty 
to obtain 

eP{Y, > l/9\a) + 9 f e''P[Y, > t\a)dt < eE[\Y,\'^\C\]9'l + E[\Y,\'^\a] f Oe'H-Ut. 

Ji/e Ji/0 

To analyze the remaining integral we split it as follows, 

.(i/e)v(i,/2) .V 
e^H-^dt < 6|i+" / e^'dt + 9 e"**"" dt 

i/e J 1/0 Jv/2 

Jl/2 

<0neev/2 ^Q^i-n2V f e^^"" du 

Jl/2 



Hence, 



eP{Y, > l/d\a) + 9 / e''P{Y, > t\a)dt < K^e'^'y-'^Cl' E[\Xn (6) 
Ji/0 



where K2 = K2{r]) = sup^^ (efe^* + i''e"*/2 + 2''). Combining (O and ^ we obtain 



E 



^BYi l{Y,<v) 



1(Q < Uhr,) 
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We now use the observation that E\\X\''i''^] = \ \X\\1'^l < ^ ^^a2 obtain 



E 



^OY, liYi<v) 



l{a < uhn) < 1 + Oa^l + Car, (Xie^^'u^^^-i ^ K^e'^v'^u'^-^) 

where — K^{r]) = Ti\sx.{Ki{ri), K2{rj)} . By using the inequality 1 + t < e* for aU t e M, it follows that 
P ( ,^max_ 5^"^ > z,Zn € A, In{u/j,,) 



l<fe<AfAn 



< E 

< E 

= E 



N/\n 



1{Zn e A)e~'^' Yl max{l, l + 6l/iCi + 6'a(6', It, w)7^Ci} 



i=l 
NAn 



1 {Zn e A) e"^^ Yl max |l, e 
1=1 



e,j.Ci+ea{e,u,v)-friC, 



} 



1 (Zjv e A) e 



-ex+(^+a(e,ji,u)7,,) + 0Ziv^ 



Now choose 



1 



log {(v/u) 



which by assumption satisfies 1/v < 9 < 1/w, and note that 
a{0, u, v) = 



Ks ( ((r;-l)log(t;/u)r^ 



< 



(77 - l)l0g(w/u) ' (U/'U)''^2-1 

(l0gi)'''^2 



(77 - 1) log(w/u) V t>l 
Defining K = K(fj) = (l + (,7 - 1)';a2 ^^p^^^ ^^SJ)^^ gives 



^r)A2-l 



P( max S'^^^ > z, Zat e A, /jv(u/7.,) = ) 



< E 



1 (Zat e A) e 



The result now follows by taking n 00. 



The main result of this section, given in ProDOsition l3.11 provides upper bounds for P[Mt4 > x). The idea of 
the proof is to split this probability into several smaller probabilities corresponding to the different possible 
behaviors of Zjv and Jn{')- The bound derived in Lemma [3.21 will be essential to the analysis of all the 
probabilities involving truncated summands. The lemma given below provides a bound for the probability 
of two or more summands being large. 

Lemma 3.3. Suppose the {Xi} and the vector (N, Ci, C2, . . . ) satisfy Assumption]^ with 71+^ = < 
00 for some e > 0. Let < v < 1, w ~ x^^'^ /ji^^ and y — x/\ogx. Fix c > 0. Then, there exist constants 
K,xq > such that for all x > xq, 



P{JN{y) > 2, Zjv < ex, In{w) = 0) 



< 



K{\ogxf+' ^ 



N 



l{lM{.w) = Q)Y,F{y/C,) 
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Proof. We start by conditioning on = (t{N, Ci, C2, . . . ) to obtain 



P{JNiy) >2,Zn< cx, In{w) = 0) 
= E[1 [Zn < cx, In{w) =0)E[1 (Jjv(2/) >2)\T]] 



E 



< E 



1{Zn < cx, /jv(w) =0)^; 



l<i<j<N+l 



E 



< E 



1 (Zn < cx, iNiw)^o) J2 ^ [ 1 (^'^^ > ^1^1 >y)\^] 

l<i<j<N+l 



1 (Zn < cx, iNiw) - 0) F{v/Cr)F{v/Cj 

l<i<j<N+l 

1 {Zm < cx, Im{w) - 0) [Y^Fiy/cA 



where in the third equahty we used the conditional independence of the {CiXi} given T and the independence 
of the {Xi} and {N, Ci, C2, . . . ). We now use Markov's inequahty to obtain 

Y,nylC,)<y-^-'E[\X,\^+^]Yc]^'<Ky-'-'( sup cA Z^. 

It follows that 



E 



N 



1 {Zm < cx, iNiw) = 0) ^ F{y/Q) 



< Ky-^-'w^xE 



K(\ogx)^+' 
< ^ ^ ' E 



N 



l(/^H = 0)^F(y/C.) 

N 

l(lArH-0)^F(y/Q) 



The next preliminary lemma shows that if the summands are heavily truncated, then the supremum of the 
sums is unlikely to be large. 

Lemma 3.4. Suppose the {Xi} and the vector (N, Ci, C2, . . . ) satisfy Assumptions^ with 7i+£ = < 
00 for some e > 0. Let < v < 1, w = x^^"^ /ji+e, y = x/\ogx and < 1 / Vlog x < 6 < 1. Then, 

p( sup yQX,liC,X,<y)>Sx,ZN<y,lNiw)^o]=o{x-'') 

as X —>■ 00, for any h > 0. 

Proof. We use Lemma 13.21 with A = (—00, y], v — y, z — Sx, and u = x^^^ . Then 

fe 

1<A;<A'+1 ' 



P sup ^Ml(M<y)>(5x, ZAr<y, /Ar(u;)=0 



< E 



HZn < y)e 



6Zn 
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where 6* = f log(y/u) = ^^^^ log ( t^— ] . Note that for this choice of y and u there exists xq = xo((3, e) > 
such that the conditions on 6 required by Lemma 13.21 are satisfied for aU x > xq. Moreover, on the set 
{Zn < y} we have 



^e6x+[^. + J^) 6z^<-e5x(i ^^^^ k^.^.v^ 



\og{y/u) 



< -9Sx 1 - 



X 2;log(a;'^/logx) 
l/^l Kll+e 



\/\0gX y/logX 



< ~evS{\ogxy 1 



log log a; \ / 2X^1+^ 



ulogx 



1 - 



\/\ogx J ' 



where in the last inequality we used < < (£'[|Xi|i+'=])^/(i+'=) = 71+^ and K > 1. We then have, 

for sufficiently large x, 



E 



< g-ei"5(loga:)^¥'(a;) 



where if{x) = (l - T^^) (l - ^^^t)' ^"^^^ ^ > VVTog^, it holds that 
as a; — > 00 for any h > 0. 



(7) 



The last preliminary lemma of this section provides a bound for the case when the summands are moderately 
truncated and is not too large. 

Lemma 3.5. Suppose the {Xi} and the vector (N, Ci, C2, . . . ) satisfy Assumption]^ with fi > and 71+e = 
||Xi||i+e < 00 for some e > 0. Let < v < 1, w — x^^'^ y — x/\ogx and < l/^/Togx < S < I. 
Then, as x —?> 00, 

P (Mjv > X, JnUI ~ S)x) =0,y<ZN< x/i^i + 5), /jv(?«) = 0) 
= O (x-'^/^PiZN >y) + e^'^'^PiZN > x/(2/i)) > 0)) . 

Proof. Let A ~ (y, x/ + S)), v = {1 — 5)x and u — x^^" . Then, by Lemma [321 we have 
P {Mn > X, Jjv((l - S)x) =0,y<ZN< x/{fi + S), In{w) = 0) 

<p( sup y^C,Xa{QX,<{l-S)x)>x,y<ZN<x/{^i + S),lN{w)^o] 
\l<fc<Ar+lt^ / 



< E 



l(y <Zn < x/{ti + S))e 



log((l-5)x''). 



where 9 = ^..^J^-^^ log((l — 5)x''). We now separate the rest of the analysis into two cases. 
Case 1: /i = 0. 

We have that ([5]) is bounded by 



'PiZN>y)<Ke 



(8) 



p{Zn >y)< ^Pi^N > y), 



for sufficiently large x. 
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Case 2: ^ > 0. 

Note that iog(Xi-T)x--) ^^N < (i''^s){fl+S) < oo, so dH]) is bounded by 



KE 



l(y <Zn< x/{fi + 5))e-«("-^^") 



< KE 
K 



'-{x~flZM) 



:E l{y < Zn <x/{ii + S))e- 



Now note that by writing l(y < Zn < x/{fi + S)) < l{y < Zn < x/{2^jl)) + l{x/{2^) < Zn < x/{id + S)) (if 
S > n the second indicator is zero) we obtain 



-E 



Hy <Zn < x/{fi + S))e- 



< -^P{Zm >y)+ Z P{Zn > x/{2fi)). 



^l^ll log 3 

Since x~'^'^e 



< exp < — 



\ /J+l/Vlogx J 



< Ke- 



X'-- 



the resuh follows. 



We are now ready to provide upper bounds for P(Mn > x). As mentioned earlier, the idea is to split the 
probability into all the different combinations of events relating Zn and JAr(-). We emphasize again that no 
particular structure on the distributions of Zn or the {Xi} is imposed beyond moment conditions. 

Proposition 3.1. Suppose the {Xi} and the vector {N,Ci,C2, ■ ■ ■) satisfy Assumptions^ with 71+c = 



\X 



< 00 for some e > 0. In addition, assume that E 



< 00 for some /3 > 0. Then, 



there exist constants K,xo > such that for all x > Xq and < 1/^logx < S < 1, 
a) For n > 0, 



P{Mn >x) <E 



N 



1(/Ar(u;) =0)^F((l-5)x/C,) 



K 
K 



(logx) 



l + £ 



-E 



N 



lilMH^O)Y.F{y/a) 



P{{h + S)Zn > x) 
1 ^ 



+ K {x""'/'^P{Zm >y)+ e-'^'^PiZN > x/{2fi)) 1(^ > 0)) 



b) For ^ <0, 



P{Mn > x) <E 



N 



l{lN{w)^0)J2Fi{l-S)x/a 

l(/^H=0)^F(y/a) 



1 



where y = x/ log x, v = e/(2{j3 + e)) and w — x^ j^-yj^^. 



Proof. We separate the analysis into two cases, /x > and ^ < 0. 
Case 1: /i > 0. 

We start by splitting the probability as follows: 

P {Mn > x) <P {Mn > X, + 5)Zn <x)+P{{^ + S)Zn > x) 

< P {Mn > X, Jn{{1 - S)x) = 0, (/i + S)Zn < x, In{w) = 0) + P{In{w) > 1) (9) 
+ P {Jn{{1 - S)x) > 1, In{w) =0) + P{{pi + 6)Zn > x) . 
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Let T — (t(-/V, Ci, C2, . . . ) and recall that the {Xi\ are independent of (A^, Ci, C2, . . . )• Then, from the union 
bound we obtain, 



< E 



= E 



1 {In{w) ^0)E 1 (^[j{aX, > (1 - d)x}^ 

N 

4=1 

N 

i(/jvH = o)^F((i-5)x/a) 



i=l 



(10) 



Applying the union bound, Fubini's Theorem, and the conditional Markov inequality, we obtain 



PilNiw) >1) = E 



N 



1 U{^'>^} 



1=1 



< E 



N 



J2PiC,>w,N>i) ^J2e[1{N > i)E[l{Ci > w)\N]] 



j=i 



00 



E 



N 



i=l 



(11) 



Now, to analyze the first probability in ([9]) , split it according to how many summands are greater than y as 
follows: 

P (Mjv > X, Jjv((l - 5)x) = 0, Zjv < V, In{w) - 0) 

+ P{Mn > X, Jn{{1-5)x) ^0, y<ZN< x/{fi + S), In{w) = 0) 
< P {Mm > X, JN{y) = 0, Zat < y, In{w) = 0) 
+ P [Mn > X, JN{y) - 1, JAr((l - 5)x) - 0, Zat < y, In{w) = 0) 
+ P {Mn > X, JN{y) > 2, JAr((l ~ 5)x) ^0,Zn< y, In{w) = 0) 
+ P {Mn > X, Jjv((l - 6)x) ^0,y<ZN< x/{n + S), In{w) = 0) . 



(12) 
(13) 
(14) 
(15) 



We start by analyzing (jl3p . which we can bound by separating the summands in A4n into those that are 
smaller than or equal to y and those that are greater than y, as the following derivation shows, 

P {Mn > X, JN{y) = 1, Jn{{1 - 5)x) = Q,Zn< y, In{w) = 0) 
= p( sup I y QX, l{ax, <y)+y QX, \{C^X, > y)| > x, 

JN{y) = 1, Jn{{1 - S)x) = 0, Zjv < y, In{w) = ) 



< P sup y ax, l{aX, <y)> Sx, Zn < y, In{w) = . 

\l<fc<A'+lt~^ / 



(16) 
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We can bound (fT^ similarly to obtain 

P {Mn > X, JM{y) = 0, Zat < y, In{w) = 0) 

= p[ sup Vc,xa(M < y) > X, Jjv(y) = 0, < y, /jvH =0 

\^l<fe<Ar+l ^ 

<P( sup Vc,Xa(M<y)>x, Zjv<2/, /jvH-0). 

\i<fe<jv+i y 

Clearly, ([T7|) is not greater than (ITC)) . and to bound ([TS]) we use Lemma [3.41 to obtain 

P f sup V < y) > bx, Zn < y, InH = ) < ^ 

\^l<fc<JV+l^ J x'^ 

for any /i > (in particular, h — (3 + e/2). 

By Lemma [33] we have that (fM]) is bounded by 



(17) 



P ( Jw(y) > 2, < y, Ir,{w) = 0) < ^ 



N 



l{lM{.w)=Q)Y,F{y/C^) 



Finally, by Lemma 1331 p5)) is bounded by 

P [Mn > x, Jjv((l - S)x) = 0, y < Za, < x/(/i + S), In{w) = 0) 
< K [x'^^'^PiZM >y) + e-'^'^PiZN > x/{2fi)) > 0)) . 

This completes the case. 
Case 2: ^ < 0. 

The case of negative mean requires some additional work, since in order to use the preliminary lemmas we 
need to have some control over Z^. For this purpose let k = 2(/3 + e)/(z^e|yu|) and define r = sup{l < n < 
N : Zn < Kx}. Now split the probability of interest as follows: 



P{Mn > x) < PiJN{{l-S)x) > 1, In{w) = 0)+P{lNiw) > 1) 
+ P{Mn > X, Jn{{1~S)x) ^0, InH =0), 



(18) 



and note that the probabilities in (IT51) are bounded by ([TU| and pT|) . For the remaining probability we use 
the union bound to obtain 



P{Mn > X, Jn{{1 - S)x) = 0, In{w) = 0) 
<P( sup Sk> X, Jn{{1-S)x) =0, In{w) ^0 

\l<k<r+l 



+ P sup Sk> X, JnUI- S)x) ^0, iNiw) ^0,T < N 

\T<k<N+l 

Since t < N and Z^ < kx, is bounded by 

P {Mr > X, Jr{{l - S)x) =0, Zr< KX, In{w) = 0) . 

We now split this last probability in a similar way to the previous case: 

P {Mr > X, Jr{{l ~ S)x) ^0, Zr< KX, In{w) = 0) 
< P {Mr > X, Jr{y) ^0, Zr < KX, Ir{w) = 0) 

+ P {Mr > X, Jr{y) = 1, Jr((l - S)x) =0, Zr< KX, Ir{w) = 0) 
+ P {Jr{y) >2, Zr < KX, In{w) = 0) . 



(19) 

(20) 



(21) 
(22) 
(23) 
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By using the same arguments from the case /i > 0, we obtain that the sum of the probabihties in (j21l) and 
([^ is bounded by 

2P I sup V CiX, 1{C^X, <y)> 5x, Zr < nx, Ir{w) = ) , 
which by Lemma 13.21 (with u = x^~'^ , v — y, A — (— oo, kx], and = r) is in turn bounded by 



2E 



for sufficiently large x and 9 



1(Zt < Kx)e 



log(x''/ logm) J 



eZr 



< 2e 



-esx 



log(a::'^/ logx). We now note that since 6 > 1/^/logx, then e < 



'loga:log(2:''/log2;) _ ( ~p-e/2\ 



as a; — > oo. By adapting the proof of Lemma 13^ to substitute by r 



but keeping the condition In{w) = 0, we obtain that ([23]) is bounded by 



-ftr(logx) 



-E 



l{lN{w)=0)J2Fiy/Ci) 



^ K{\ogxY+' ^ 



N 



Finally, to analyze ^ let = X,-^i/2, Sk = CiXi 
probability as 



+ CfeX/j, and note that we can write the 



P[ sup {Sk-\lAZkl2)>x,JN{{l-5)x)=Q,lN{w)^Q,T<N 

yT<k<N+l 



<P[ sup Sk-\^^\Z,+l|2>x, Jn{{1-5)x)^Q,In{w)^Q,t <N 

\T<k<N+l 

<p( sup 'yCiXaiC^Xi<{l-S)x + Ci\n\/2)>{l + \fi\K/2)x.lNiw)^0,T<N] 

\r<k<N+l J 

<p( sup <(l-,S)x+|Ai|w/2)>(l + |/i|K/2)a;, /atH^O). 



l<fc<JV+l ' 



(24) 



Applying Lemma [3^ (with u — x^ = (1 — S)x + |/i|w/2, and A = M) gives that (|24p is bounded by 



E 



< g-0(l+|A'|K/2)x 



for sufficiently large x, where cj) ~ {i-5)x+\n\w/2 ^'^S ~ '^)'^'' l/^l/(27i+e))- The last step is to note that 
(1 + \,\./2)ex ^ _ ^^^^ ^ 1^1/^2^^^^^^ ^ _ (1 + H^ _ ^^^.^ ^ ^^^^ 



(l-5)a; + |^|u;/2 



< -(l + |^|K/2)eloga;'' + 0(l) 
= -{13 + € + ei^) \ogx + 0(1) 



as a; — oo, which implies that ([24| is o{x ^ '^). This completes the proof. 



4. The lower bound 

We give in this section lower bounds for the tail distribution of the randomly weighted and randomly stopped 
sum. The idea of the proof is to split the probability P{Sn > x) into several different probabilities, similarly 
to what was done for the upper bounds, and just keep those that determine the asymptotics. The first 
lemma is a preliminary step for Lemma 14. 2[ and the main lower bounds are given in Lemmas 14.21 and [ 
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Lemma 4.1. Suppose the {Xi} and the vector (N, Ci, C2, . . . ) satisfy Assumption]^ with "fi+e = ||^i||i+e < 
00 for some e > 0. Let < v < I, w — x^^'^ /ji^^, y = x/logx and S > 0. Then, there exist constants 
K,xo > such that for all x > Xq, 



P {Jn{{1 + S)x) = 1,Zn< y, In{w) = 0) > E 
K 



N 



1{Zm <yjN{w) = Q)Y,F{{^ + 5)x/Ci) 



x""^ log X 



E 



N 



1{IN{W)^Q)Y,F{^/C^) 



Proof. Let Bi — {CiXi > (1 + S)x, supi<j<jv+i,j>ij ^j^j — (1 + < y, In{w) ~ 0} and note that 

the BiS are disjoint. Therefore, 



N 



1 U^^ 



= E 



N 



P {Jn{{1 + 5)x) = 1,Zn< y, InH =0) = E 
Let T — a{N, Ci, C2, . . . ) and use the independence of the {Xi} and T to obtain 

" N 

1 

l{ZN<y,lN{w)^0)J2E 



E 



.i=l 



E 



E 



i=l 
N 



1 {dX, > (1 + S)x) 1 ( sup CjXj < (1 + 6)x 

\1<J<N+Ij^i y 



T 



- E 



> E 



1 {Zn <y,Ij^{w)^0)J2E[l {C,X, > (1 + i)x)\T\ 

i=l 

N 

i{Zn < y, In{w) = o)J2e 

i=l 

N 

l{ZN<y, /atH = 0)EF((l + J)a;/a) 



1 {C^X, > (1 + S)x) 1 sup CjXj > (1 + S)x 

\l<j<N+l,j^i , 



T 



E 



l(^w<y, /wH=0) E{\{C,X,>(\ + 8)x)\[C,X,>{\^6)x)\T\ 

l<i^j<N+l 



where in the last step we used the union bound. To bound the last expectation note that the conditional 
independence of the {CiXi} given T gives 



E 



1{Zn <y, In{w)^0) J2 E[l{aX,> {1+S)x)1{CjXj > {1 + S)x)\J^] 

l<i^j<N+l 

2" 



1 {Zn < y, InH = 0) + S)x/Q)^ 



< E 



Now use the same arguments from Lemma 13.31 to see that this last term is bounded from above by 



X 



N 



K 

< ^ E 

x'^'^ log X 



N 
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The following result provides the first of the two terms determining the asymptotic behavior of P{Sn > x), 
the one corresponding to the one-big-jump principle. Lemma 14.31 will give the term corresponding to the 
case where the sum of the weights, Zn, is large. 

Lemma 4.2. Suppose the {Xi} and the vector (N, Ci, C2, . . . ) satisfy Assumption]^ with 71+c = < 
00 for some e > 0. Let < < I, w — x^^'^ /ji+e, y = x/\ogx and < l/Vloga; < 6 < I. Then, for any 
h > 0, there exist constants K,xq > such that for all x> xq, 

P {Sn > X, Jn{{1 + S)x) > 1, Ljv(y) - 0, Zjv < y, In{w) = 0) 

N 



> E 



1 {Zn < y, In{w) = 0) ^ + 6)x/a) 

i=l 

N 

l(/jvH =0)^F(a;/C,) 



Proof. We start by noting that 

P {Sn > X, Jn{{1 + S)x) > 1, LN{y) - 0, Zjv < y, In{w) = 0) 

= P{Jn{{1 + S)x) >1,Zn< y, In{w) = 0) 

- P ( Jjv((l + S)x) > 1, Ljv(y) >1,Zn< y, In{w) = 0) 
-P{Sn< X, Jjv((l + S)x) > 1, LN{y) = 0, Zjv < y, In{w) - 0) . 

From Lemma UTT] we obtain that (I^Sj) is greater than or equal to 



(25) 
(26) 
(27) 



E 



N 



1 (Zn < y, iNiw) = 0)J2 ^((1 + 



i=l 



K 



x"^ logo; 



-E 



N 



i{iNiw)^o)Y,F{x/a) 



i=l 



To bound (1261) note that 



{ J^((l + S)x) > 1, L^iy) > 1} = IJ {QX, > (1 + 6)x, C,X, < -y} . 

l<i^j<N+l 

Now let T = a{N,Ci,C2, ■ ■■) and use the union bound plus the conditional independence of the {CiXi} 
given T to obtain 

P {Jn{{1 + 6)x) > 1, L^iy) >1,Zn< y, In{w) - 0) 
= E[l{ZN<y, lN{w)^0)E[l{JN(il + S)x) > 1, LN{y) > l)\J^]] 



< E 



< E 



i{Zn < y, iNiw) = 0) ^((1 + ^>/(^^)Pi~y/Ci) 

l<i^j<N+l 

liZN<y,lNH^O) (jyii^ + S)x/Q)^ (E^(-2^/^^) 



The same arguments from Lemma l3.3l now give that the last expectation is bounded by 



-E 



N 



l(/w(z(;) =0)^F((l + <5)x/G) 



^ Ki^ogxY^ 



N 



1(/Ar(«;) =0)^F(x/C,) 
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Finally, to bound (P7| note that 

{Sn < X, Jjv((l + S)x) > 1, LnIv) = 0} 

C C^X^H-y < C^X, < (1 + 6)x) < -6x] 



. 4=1 

' N 



C ^J2aX^l{a\X^\ <y)< -Sxj 
C |^C,|X,|l(a|X,|<y)>fa| 



from where it follows that 

P {Sn < X, Jn{{1 + S)x) > 1, ijv(y) = 0, Zjv < y, In{w) = 0) 



- ^ (^^*'^*' < y) > 6x, Zn < y, In{w) = 0^ . 



Now apply Lemma [3.41 with Xi replaced by \Xi\ to obtain that 



as x oo for all h > 0. 

Combining the bounds derived above for ((25)) . ((26|) and (|27)) gives the result. 



Lemma 4.3. Suppose the {Xi} and the vector {N, Ci, C2, . . . ) satisfy Assumption]^ with 71+e = < 

00 for some e > 0. In addition assume that Zn < 00 a.s. and E X]t=i Q^^*^ f'^^ some /3 > 0. Lef 

= e/(2(/3 + e)), ui — x^^'^ / ^i^^ and < l/\/\ogx <5< 1/2. Then, there exist constants if, > sticft 
i/iat for all x > xq, 



P {Sn > X, Zn > {1 + S)x/n, In{w) = 0) 
> P{Zn > (1 + S)x/n) - Ke-~'''^^P{ZN > x/fi) 

Proof. We start by noting that 



K 



r/3+e/2 • 



P {Sn > x, Zjv > (1 + S)x/n, In{w) = 0) 

>P{Zn>{1 + S)x/^i) -P{Sn < X, Zn>{1+ S)x/h, In{w) = 0) - P {In{w) > 1) . 
From (HI]) we obtain 

P{In{w) > 1) < Kx^'^''/^. 
Now let X,^ fi- Xi, X, = fi/2 - X„ Sn = E^i and Sn = E^i Note that 

P (Sat <x, Zn>{1 + S)x/fi, In{w) = 0) 

P (Sn > t^ZN - a;, (1 + 5)x/^l < Zn < 4a;/^, In{w) = O) 
+ P (Sn > I^Zn/2 -X, Zn > 4a;/^, In{w) = o) . 



(28) 
(29) 
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To analyze (gH) define J N{t) = < i < N + 1 : C^Xi > t} and note that ^ is bounded by 

P (Sn > Sx, (1 + S)x/fi < Zn < Ax/n, In{w) = O) 
< P (Sn > Sx, 1n{x) = 0, (1 + S)x/^i < Zn < 4x/^i, /jv(w) = O) 
+ P (7w(x) >!,(! + 6)x/fi <Zn < 4:x/^i, Iwiw) = O) . 

By Lemma [3.21 with v = x, u = x^^'^ and A = {{1 + 5)x/ ijl,Ax/ ji], (15111) is bounded by 

P Cjl, l{CiX, <x)> 6x, (1 + 6)x/^l <Zn < Ax/^i, In{w) = 0^ 



(30) 
(31) 



< E 



1((1 + (5)x/m <Zn< 4x7^)6^"*"+ '°«(-") 

4fC||Xi||i^ 



where 9 = - log(x''). To analyze pip let = a{N, Ci, C2, ■ • • ) and use the union bound to see that it is 
bounded by 

E[l{{l + 6)x/^i< Zn <Axl^i, In{w)=0)E[1(Jn{x) > 1)| J"]] 

AT 



< E 



1((1 + S)x/fi <Zn< ^x/fi, In{w) = 0)J2E[l{aX, > x)\ Ci\ 

1=1 

AT 

1((1 + S)x/n <Zn< 4a;//i, In{w) = 0) ^ C}^ 



l + £ 



i=l 



(32) 



Kw" 

< -^E [1((1 + 6)x/^I <Zn< ^x/y)ZN] 

< 4;P{Zn > x/m). 

Now, to analyze define Jiv(i) = #{1 < i < + 1 : CiXi > t} and split the probability into 
P (^Sn > i^-Zn/'^ — X, Zn > 4:x/ii, In{w) = 0, Jn{p-Zn) — o] 



+ P I^Sn > (J'Zn/'^ — X, Zn > 4a;//i, In{w) = 0, Jn{p-Zn) > 1^ 

^{C^X^ < (iZn) > hZn/2 -x,Zn> 4a;//i, In{w) = oj 

+ p{Zn> ix/li, iNiw) = 0, JNil^ZN) > 1) . 

The same steps used to derive ([5^ give that is bounded by 



(33) 
(34) 



E\\XX+']E 



N 



1{Zn > Ax/ In{w) - 0)(M^Ar)-i-^^G 

i=l 

K 



1+e 



< [1{Zn > ^x/ii)Z~'] < —P{Zn > 4.x/n). 

Finally, to bound p3p we can repeat the proof of Lemma 13.21 with the difference that Zn now appears in the 
truncation and the level to be exceeded. Set v ~ fiZN, u = x^^", z = ^Zn /2 — x, — log{x^^^'^ ^j,Zn), 
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and note that on the set {Zn > 4x//i} we have 1/v < 8 < 1/u for sufficiently large x, as required. Now, 
the same proof of Lemma [3.21 gives that ([55]) is bounded, for sufficiently large x, by 



E 



1{Zn > 4:x/fi)e 



Now note that on {Zn > 4:x/fj,} we have 



which shows that ([55]) is bounded by Kx^'^^/^P{Zn > 4a;//i). This completes the proof. 

5. Proofs of the main theorems 

In this section we give the proofs of the theorems in Section [21 We start by stating two preliminary lemmas. 
Lemma 15.11 is included only for completeness since part (a) is a direct consequence of the Representation 
Theorem for the OR class. Theorem 2.2.7 in [3], and part (b) is contained in Theorem 2.3 in [71. 

Lemma 5.1. Suppose that F e OR with Matuszewska indices Q < af < Pf < oo. Then, for any e > 0, 

a) there exists Xo > such that F{x) > x^^^^"^ for all x> xq. 

b ) there exist xq > and M < oo such that for all X > 1 and x > xq, 

M - F{x) ~ 



The second preliminary lemma below establishes the one-big-jump asymptotics for the random weighted 
sum using the properties of the IR class. 

Lemma 5.2. Suppose the {Xi} and the vector {N, Ci, C2, . . . ) satisfy Assumption]^ Assume further that 

< 00 and 

< 00 can be 



F G IR and has Matuszewska indices Q < af < Pf < 00, and that Zn < 00 a.s., E 



E 



EN r^fif+t 



< 00 for some < e < ay. If E[N] < 00 then the condition E ^i'^ 
dropped. Let v = e/(2(/3/ + e)), 7 > 0, w = x^^^ j^, y — x/logx and 6 — l/-\/logx, then, as x ^ 00, 



R^E 



N 



Y.F{x/C,) 



E 



E 



N 



l(/jvH -0)^F((l-(5)a;/C,) 

JV 

1 {Zn < y, In{w) - 0) ^ ^^((1 + S)x/a) 



j=l 



L. 



Proof. We start with the upper bounds, 



V < E 



N 



1{In{w)^0) sup ' 

l<j<N+l I<{x/Lj) 



Y.F{x/C.) 



i=l 



t>x/w lyt) 
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and L < R. It follows that 



L , U 

limsup — < limsup — < 1. 



Now, for the lower bounds we have 

U > R-£; 



N 



1{In{w) > 



and 



L> E 



1 {In{w) = 0) ^ ^ mf^ ^ ^ — ^ 2^ Fix Id 



E 



i<]<N+i F{x/Cj) 

N 



i=l 



1 {Zn > y, In{w) 

i(/ivH > i)^F(x/a,) 



> inf £«1±M 



E 



N 



1 (Z^ > y, /jvH = 0) ^ 



It remains to show that 
E 



lim 



R 



To obtain a lower bound for R we use Lemma l5.ll (b) and Fatou's lemma as follows, 



R 

lim inf = > E 

x^oo F{x) 



N 



E lim inf — = 
X — ^r^i F 



F{x/Ci 



Thus, it suffices to prove that 



lim E 

3:— f C30 



Fix) 



lim E 

x—^oo 



> KE 



N 



Pf+e 



> 0. 



N 



(35) 



0. (36) 



We analyze the second limit by noting that by Lemma [5. II (b). we have that for all sufficiently large 



E 



N 



l{ZN>y,lN{w)^0)J2 



F{x/C, 



< KE 



< KE 



N 



1=1 

N 



KE 



N 



< OO, 



so by dominated convergence, 

lim sup E 



< KE 



t Fix) 

limsup 1 iZN > 2/) V C^''' V Cf^ + 



N 



0. 



(37) 
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For the first limit in (155)) we first split the expectation to obtain 



E 



N 



i(/^H>i)E 



< E 



N 



- F{x) 



(38) 



+ E 



N 



1{In{w)>1)Y, 



-{ F{x) 



Dominated convergence again gives 



lim sup E 



< KE 



N 



lim sup 1 {In{w) > 1) ^ Cr^"' V C^'^ 



Finally, to bound note that by ([TT|). 

N 

1{In{w) > > 



E 



< E 



N 



E 1 (^'' > ^) 



< 



K 



The observation that by Lemma [5. II (a) limx^oo x^f'^'^^^F{x) = oo completes the proof. 



Remark: The proof given above requires that E 

clearly implied by the two conditions E J2iLiC^i'^ 
condition can be dropped when E[N] < oo note that 



EZiC^i^ 'vCf^+' < C30 to derive which is 



< oo and E 



< oo. To see that the first 



E 



N 



< E[N] + E 



N 



< OO. 



We are now ready to prove the main theorems from Section [51 The first result corresponds to the setting 
where the asymptotic behavior of both P{Mn > x) and P{Sn > x) is determined by the one-big-jump 
principle. 



Proof of Theorem\Ml[ Let a = a/, /3 = and R = £; J^tLi F{x/Ci) . Note that by ^ we have that 

R > KF{x), and by Lemma [5.11 (a) we have that liuix-^oo x^'^'^ F{x) = oo for any h > 0, from where it 
follows that 



Kx-^-'/^ = o(R) 



(39) 



as a; — >■ oo. Let v = e/(2(/3 -1- e)), w — x^ y — x/logx, and S = l/^/logx. Then, from Lemmas 

and 15.21 we obtain, for all three cases, that 

liminf^i^^^>liminf^(^>l. 



R 



R 
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For the upper bound we first note that by Lemma |5. II (b). 



(log x) 



l+e 



-E 



N 



l{lN{w)^Q)Y,F{y/C,) 



1=1 



N 



1 (/»(«.) = 0) ^ K{ylx)-'--F{xlCi) 



(40) 



for ah sufficiently large x. We split the rest of the analysis of the upper bounds into the three different cases. 
Case 1: /i < 0. It follows from Proposition 13. II (b). Lemma [521 and relations ([M)) and (|40p . that 

1- P{Mn > x) 

lim sup — < 1 . 

x—>oo 



Case 2: ^ = and P{Zn > x) = O {F{x)). We use Proposition 13. II (a). Lemma [5T2| and relations ((39|) and 
(|40l) to obtain 

P{Mn >x) P{5Zn >x)+ Kx-'-/^P{Zn > y) 
lim sup — < 1 + hm sup 



R 

To see that the last limit is zero use Lemma IS.ll to obtain 



R 



P{5Zn >x)+ Kx-'-/^P{Zn >y) ^ Fix/S) + x-'''/^F{y) 

lim sup — < K hm sup — ^ 



R 



F{x) 

< lim sup ((5"^' + x~"'/^{x/y)P+') 

f 1 , {logxf+^ 
= A limsup —, 7777 H — 



Case 3: /i > and P{Zn > x) — o (F(x)). We use Proposition 13. II (a). LemmaE^l and relations ([M)) and 
(l40l) to obtain 



F(Mjv > x) ^ ^ P((Ai + 5)Zn >x)+ Kx-'''/^P{Zn > y) + Ker'^^^PiZN > x/{2^i)) 
hm sup — < 1 + hm sup 



R 



<\-\-K lim sup 



R 



P((m + 5)Zn >x) + e —P{Zn > y) 



F{x) 



For the first summand in the limit we use Lemma 15.11 to see that 

P{{ti + 5)ZN>x) P{{ti + S)ZN>x) ,. F{x/ifi + S)) 
hm sup — ^^^^ =^ < hm sup — ^= ■ hm sup — ^-^= — 

£c-J-oo P{x) x-i-oo F{x/{lJ. + S)) x^oo F{x) 

P{ZM>x/{iM + 5)) 

< A limsup = — 0. 

x-^oo F{x/{fi + S)) 

For the second limit we use Lemma l5. II again as follows: 



1- e —P{Zn >v) P{Zn > y) e — F[y) 
hm sup = < hm sup =^ 



F{x) 



< limsup 



p{Zn > y) 
F{y) 



F{x) 



ATlimsupe ° (logx)*^^' = 0. 
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The next proof corresponds to the setting where the asymptotic behavior of P{Mn > x) and P{Sn > x) is 
determined by both the one-big-jump principle and the tail behavior of Zjv- 

Proof of Theorem[KE Let a = af, (3 = l3f, and R = £; E*=i^(a;/CO ■ Note that by we have 

that R > KF{x), and by Lemma [5.11 (a) we have that lima;^oo x^^^F{x) — oo for any h > 0, from where 
it follows that Kx~^^'^/^ — o(R) as x — > oo. Let i/ — e/{2{(3 + e)), w — x^^^/^i^^, y — x/\ogx, and 
S = l/y/\ogx. 

Note that since Zn is IR, P((p + 6)Zn > x) ^ P{Zn > x/^) as x — >■ oo. Also, since IR C OR, it holds that 

P{Zn > x/{2f,)) 
hmsup — -— < oo. 

x^oo P[Zn > X/fi) 

Moreover, if we let < /3g < oo be the lower Matuszewska index of G{x) = P{Zj\j > x), then Lemma [5TT] (b) 
gives 

limsup '^ p/y'^^^^A^^ < /^linisupx-''^/'(loga;//i)^«+^ = 0. 
These observations combined with Proposition 13. II (a). Lemma ESI and relations (p9| and (j40|) . give 

_Wv>x) x-^'^/^PjZN >y) + e""^^P(Zjv > x/i2fi)) 
hmsup — -— ^ < 1 + A hmsup — — ^- = 1. 

x^oo 11+ P(Zn > x/fi) x^oo P(ZN>X/fl) 

For the lower bound we use P{Zn > (1 + S)x/^) ~ P{Zn > x/jj,), Lemmas 14. 2[ 14.31 and 15.21 and relations 
(|39| and (gOl) to obtain 

liminf P('f->-)^ ^ > n^inf ^^f^ > '\ ^ = 1. 

x^oo R+ P{Zn > x/ll) ~ ^^oo Ii + P{ZN>x/n) 

This completes the proof. 



The last proof corresponds to the setting where the tail behavior of P{Mn > x) and P{Sn > x) is solely 
determined by the sum of the weights, Zn- 

Proof of Theorem \2.6[ Let a = ag, j3 = v — €/{2{j3 + e)), w = x^~'^ y — xjlogx, and 5 — 
1/v^Iogx. Recall that = P{Xi > x) and G(x) = P{Zn > x). 

Note that since G e IR, then P{Zn > (1 + 5)x/^) ^ P{{ij. + 6)Zn > x) ^ P{Zn > x/y) as x ^- oo. 
We start with the upper bound, for which we use Proposition 13. II fa) to obtain 

JV 



P{Mn>x) , 
lim sup -— < 1 + iv lim sup 



1 



x^ao P{Zn > x/fl) 



P{Zn > x/fi) 
(loga;)i+^ 



E 



4=1 



-E 



N 



i{iM{w) = o)J2F{y/a) 



+ 



j.I3+<l/2 



Since the distribution of Z^ belongs to IR C OR, then lim2._j.00 x^'^'^^'^P{Zn > x/ fi) = 00 by Lemma lOl fa). 
Also, by the same arguments used in the proof of Theorem 12.51 

x--/2p(Zjv >y) + e-'^^PiZN > x/{2fi)) ^ 
hmsup = 0. 

x^oo P{Zn > x/fi) 
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For the two remaining terms we use Lemma IS.ll to obtain, for sufBciently large x, 



1 



G(x//i) 



E 



N 



1(/^H =0)^F((l-5)x/Q 



-E 



N 



l{IN{w)=Q)Y,F{y/C^) 



t>y/w (^{t) [ 
t>y/w (^{t) I 



N 



G((i - s)x/a) 



AT 



(logx) 



1+e 



-E 



N 



(loga:)i+% 



V 



(1 - <5)m 



< K sup i 1 + ^ < sup ^ ^ 



t>y/w G{t) 



t>y/w G{t) 



Since = o (G(x)) as x — ?> oo, we have hmsup^..^^^ supt>j,/^ =^ = 0. The expectation preceding 



the supremum is finite either if E lEiliGf 



< oo and E 



G(t) 



T,i=i Gr < oo, or if E[N] < oo and 



E 



X^iLi ^i^^^ < oo (see the remark following the proof of Lemma \5l2 



For the lower bound we use P{Zn > (1 + 5)x/fi) ^ P{Zn > x/^) and Lemma to obtain 



This completes the proof. 



hminf I(Me2:11_ > n„,inf .li^E^ > 1. 
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